Abstract. In this paper we study a special class of fibrations on Delsarte surfaces. We call these fibrations Delsarte fibrations. We show that after a specific cyclic base change the fibration is the pull back of a fibration with three singular fibers, and that this second base change is completely ramified at two points where the fiber is singular.
Introduction
A Delsarte surface S is a surface of P 3 defined by the vanishing of a polynomial F consisting of four monomials. Let A be the exponent matrix of F, then a Delsarte surface is the quotient of a Fermat surface if and only if det(A) 0. Shioda used this observation in [6] to present an algorithm to determine the Lefschetz number of any smooth surface that is birationally equivalent with S .
Fix now two disjoint lines ℓ 1 , ℓ 2 in P 3 . The projection with center ℓ 1 onto ℓ 2 yields a rational map S P 1 . Resolving the indeterminancies of this map yields a fibratioñ S → P 1 . If the genus of the general fiber is one and this morphism has a section then Shioda's algorithm together with the Shioda-Tate formula allows one to determine the Mordell-Weil rank of the group of sections. Shioda applied this to the surface y 2 + x 3 + 1 + t n and showed in [7] that the maximal Mordell-Weil rank (by varying n) is 68. If both lines ℓ i are intersections of two coordinate hyperplane then we call the obtained fibration a Delsarte fibration. We will introduce the notion of a Delsarte base change. Roughly said, this is a base change P 1 → P 1 completely ramified over 0 and ∞. In particular, the pullback of a Delsarte fibration under a Delsarte base change is again a Delsarte fibration. The first author determined in his PhD thesis [3] the maximal Mordell-Weil rank under Delsarte base changes of any Delsarte fibration such that the general fiber has genus one. In this way he showed that Shioda's example has the highest possible rank among Delsarte fibration of genus one.
In [1] and [2] Fastenberg calculated the maximal Mordell-Weil rank under base changes t → t n for a special class of elliptic surface, i.e., elliptic curves over C(t) with nonconstant j-invariant such that a certain invariant γ is smaller than 1. It turned out that all the ranks Date: May 10, 2014. This paper is inspired by the results of [3, Section 6] and by some discussions which took place on the occasion of the PhD defense of the first author at the University of Groningen. Part of the research was done while the first author held a position at the University of Groningen. His position was supported by a grant of the Netherlands Organization for Scientific Research (NWO). The research is partly supported by ERC Starting grant 279723 (SURFARI). The second author acknowledges the hospitality of the University of Groningen and the Leibniz Universität Hannover, where most of the work was done.
that occur for Delsarte surfaces with nonconstant j-invariant also occur in Fastenberg's list. In [3, Ch. 6] it is shown that for every Delsarte fibration of genus one, there exist integers m, n such that the Delsarte base change of degree m of the Delsarte fibration is isomorphic to a base change of the form t → t n of one of the surfaces in Fastenberg's list. In this paper we present a more conceptual proof for this phenomenon: First we study the configuration of singular fibers of a Delsarte fibration. We show that for any Delsarte fibration each two singular fibers over points t 0, ∞ are isomorphic. Then we show that after a base change of the form t → t n the Delsarte fibration is a base change of the form t → t m of a fibration with at most one singular fiber away from 0, ∞. If there is no singular fiber away from 0, ∞, then the fibration becomes split after a base change of t → t m . If there is at least one singular fiber then we show that there are three possibilities, namely the function field extension K(S )/K(P 1 ) = K(x, y, t)/K(t) is given by m 1 + m 2 + (1 + t)m 3 , where the m i are monomials in x and y, or this extension is given by
are mutually distinct, or the singular fiber away from 0 and ∞ has only nodes as singularities and is therefore semistable. See Proposition 2.15.
In the case of a genus one fibration we can use this classification to check almost immediately that any Delsarte fibration of genus one admits a base change of the form t → t n such that the pulled back fibration is the pull back of a fibration with γ < 1 or has a constant j-invariant. See Corollary 2.18. This procedure is carried out in Section 2.
The techniques used in the papers by Fastenberg use the fact that the fibration is not isotrivial and it seems very hard to extend these techniques to isotrivial fibrations. In Section 3 we consider an example of a class of isotrivial Delsarte fibrations. Shioda's algorithm yields the Lefschetz number of any Delsarte surface with det(A) 0. Hence it is interesting to see how it works in the case where Fastenberg's method breaks down. Let p be an odd prime number, and a a positive integer. We consider the family of surfaces
in P(2a, ap, 1, 1). Then S is birational to a Delsarte surface. After blowing up (1 : 1 : 0 : 0) we obtain a smooth surfaceS together with a morphismS → P 1 . The general fiber of this morphism is a hyperelliptc curve of genus (p − 1)/2. We show that if p > 7 then ρ(S ) = 2 + 6(p − 1), in particular the Picard number is independent of a. Two of the generators of the Néron-Severi group of S can be easily explained: the first one is the pullback of the hyperplane class on S , the second class is the exceptional divisor of the morphismS → S . In Example 3.3 we give also equations for some other classes.
If we take p = 3 then we find back Shioda's original example. However, in Shioda's example one has that ρ(S ) is not completely independent of a, it depends namely on gcd(a, 60). Similarly one can show that if p = 5 and p = 7 then ρ(S ) depends on a. Our result shows that these cases are exceptions, i.e., for p > 7 we have that ρ(S ) is completely independent of a.
Delsarte surfaces
In this section we work over an algebraically closed field K of characteristic zero. A Delsarte fibration of genus g on a Delsarte surface S consists of the choice of two disjoint lines ℓ 1 , ℓ 2 such that both the ℓ i are the intersection of two coordinate hyperplanes and the generic fiber of the projection S ℓ 2 with center ℓ 1 is an irreducible curve of geometric genus g.
A Delsarte birational map is a birational map ϕ :
, ϕ is a birational monomial map. Remark 2.2. Since K is algebraically closed, we can multiply each of the four coordinates X i by a nonzero constant such that all four constants in F coincide, hence without loss of generality we may assume that c i = 1.
After permuting the coordinates, if necessary, we may assume that ℓ 1 equals V(X 2 , X 3 ) and ℓ 2 equals V(X 0 , X 1 ). Then the projection map S ℓ 2 is just the map [X 0 : X 1 :
We call a Delsarte fibration with ℓ 1 = V(X 2 , X 3 ) and ℓ 2 = V(X 0 , X 1 ) the standard fibration on S . Definition 2.3. Let n be a nonzero integer. A Delsarte base change of degree |n| of a Delsarte fibration ϕ : S P 1 is a Delsarte surface S n , together with a Delsarte fibration ϕ n : S n P 1 and a Delsarte rational map S n S of degree n, such that there exists a
Remark 2.4. Note that n is allowed to be negative. If n is negative then a base change of degree −n is the composition of the automorphism t → 1/t of P 1 with the usual degree −n base change t → t −n . In many cases we compose a base change with a Delsarte birational map which respects the standard fibration. In affine coordinates such a map is given by ( T for some integer e we have that f 0 = x e g(y, t). This implies that the generic fiber of ϕ is dominated by a finite union of rational curves. Since the generic fiber is irreducible it follows that the generic fiber of ϕ is a rational curve. 
T , which does not contain a nonzero vector with vanishing fourth coordinate.
Suppose now that det(A) = 0. Denote with A i the i-th column of A. From the fact that each row sum of A equals d we get that
T . Since det(A) = 0 there exists a nonzero vector (a 1 , a 2 , a 3 , a 4 ) such that a i A i = 0. From this we obtain
T is a vector such that Av ∈ span(1, 1, 1, 1) T . We need to show that v is nonzero. Suppose the contrary, then also Av
T is zero and therefore a 4 = 0. Substituting this in v yields that v = (−a 1 , −a 2 , −a 3 , 0) = (0, 0, 0, 0) holds, which contradicts our assumption that (a 1 , a 2 , a 3 , a 4 ) is nonzero.
Remark 2.8. We want to continue to investigate the singular fibers of a Delsarte fibration, in particular the singular fibers over points t = t 0 with t 0 0, ∞. If det(A) = 0 then either the generic fiber has geometric genus 0 or after a Delsarte base change the fibration is split, i.e., the fibration is birational to a product. In the latter case all the fibers away from 0 and ∞ are smooth. Hence from now on we restrict to the case where det(A) 0. T and e i be the i-th standard basis vector of Q 4 . Let V i be the vector space spanned by e 0 and e i . Since
, e 2 , e 3 } and let v i be a vector spanning ℓ i . We can scale v i such that Av i = e i + t i e 0 for some t i ∈ K. Since e 0 , e 1 , e 2 , e 3 are linearly independent it follows that {e i + t i e 0 } 3 i=1 are linearly independent and therefore v 1 , v 2 , v 3 are linearly independent. Hence span{v 1 , v 2 , v 3 } is three-dimensional and there is at least one
is a composition of a Delsarte base change and a Delsarte rational map. Now three of the four entries of Av i coincide, say they equal e. The exponent of t in the four monomials of f 0 := f (xt a i , yt b i , t c i ) are the entries of Av i . In particular, in precisely three of the four monomials the exponents of t equal the same constant e. Therefore g := f 0 /t e consists of four monomials of which precisely one contains a t. If the exponent of t in this monomial is negative then we replace t by 1/t in g. Then g = 0 is an affine polynomial equation for the surface S ′ .
Recall that we investigate the singular fibers of a Delsarte fibration, in particular the singular fibers over points t = t 0 with t 0 0, ∞. If we have a Delsarte fibration and take a Delsarte base change then the type of singular fiber over t = 0, ∞ may change, since the base change map is ramified over these points. Over points with t 0, ∞ the base change map is unramified and therefore the type of singular fibers remains the same. Hence to describe the possible types of singular fibers over points with t 0, ∞ it suffices by Lemma 2.9 to study Delsarte surfaces such that only one monomial contains a t, i.e., we may restrict ourselves to Delsarte surfaces with affine equation m The Delsarte fibration is induced by the map (X 0 :
. If S contains the line ℓ 1 : X 2 = X 3 = 0 then this rational map can be extended to a morphism on all of S , otherwise we blow-up the intersection of this line with S and obtain a morphism S → P 1 , such that each fiber is a plane curve of degree d. There is a different way to obtain this family of plane curves. Define N ′ i as follows:
Now the four N ′ i have a nontrivial greatest common divisor if and only if X 3 | M i for i = 1, 2, 3. The later condition is equivalent to the condition that the line ℓ 1 is contained in S . Moreover, if the greatest common divisor is nontrivial then it equals X 2 . Now set 4 is a pencil of plane curves of degree d or d − 1 and the generic member of this pencil is precisely the generic fiber of the standard fibration on S .
We can consider the generic member of this family as a projective curve C over K(t) with defining polynomial
Then A ′ = AB. Since A is invertible and B has rank 3 it follows that rank A ′ = 3. Moreover the first three rows of A ′ are linearly independent, since the upper 3 × 3-minor of A ′ equals the upper 3 × 3-minor of A times the upper 3 × 3 minor of B.
In particular, there is a vector k, unique up to scalar multiplication, such that kA ′ = 0. Since the upper three rows of A ′ are linearly independent it follows that the fourth entry k 4 of k is nonzero. We can make the vector k unique, by requiring that k 4 We want now to determine the values for which t 0 the corresponding member of the pencil of plane curves is singular. Hence we want to find (x 0 : y 0 : z 0 ) ∈ P 2 and t 0 ∈ K * such that for (t, X 0 , Since all the four N i are distinct we have that m 1 + m 2 + m 3 + tm 4 = 0 is an equisingular deformation of m 1 + m 2 + m 3 + t 0 m 4 for t in a small neighborhood of t 0 . Hence we can resolve this singularity simultaneously for all t in a neighborhood of t 0 . Therefore all fibers in a neighborhood of t 0 are smooth and, in particular, the fiber over t 0 is smooth. 
On T there is a natural action of (Z/dZ) 3 , given by (X 0 :
. On the affine chart X 3 0 with coordinates x, y, t this action is given by (x, y, t) → (ζ The action of (Z/dZ) 3 descents to S and respects the standard fibration. Let t = X 2 /X 3 be a coordinate on the base of the standard fibration. Then (a 1 , a 2 , a 3 ) ∈ (Z/dZ) 3 Proof. From Lemma 2.9 it follows that we may assume that the Delsarte fibration is a minimal Delsarte fibration, i.e., we have an affine equation for the generic fiber of the form m 1 +m 2 +m 3 +tm 4 , where the m i are monomials in x and y. On a minimal Delsarte fibration ϕ : S → P 1 there is an automorphism of order k 4 that acts on the t-coordinate as t → ζ k 4 t. In particular, all the fixed points of this automorphism are in the fibers over 0 and ∞. • S is Delsarte-birational to a Delsarte surface with equation of the form y a = f (x, t).
• every singular fiber over t = t 0 with t 0 0, ∞ is semistable.
Proof. Assume that all four m i are distinct. Let N i be as in Remark 2.11. Let t 0 ∈ K * be such that the fiber over t = t 0 is singular. Let P = (X 0 : X 1 : X 2 ) ∈ P 2 be a singular point of the fiber. From the proof of Proposition 2.12 it follows that at least one of the N i is nonzero and that (N 1 : N 2 : N 3 : N 4 ) = (k 1 : k 2 : k 3 :
) holds. From Remark 2.11 it follows that at most one of the k i is zero.
Suppose first that one of the k i , say k 1 is zero. This implies that N 1 vanishes and that the other N i are nonzero. Therefore one of the coordinate of P has to be zero (in order to have N 1 = 0). If two of the coordinates of P are zero then from det(A) 0 it follows that there is some i 1 such that N i = 0, which contradicts the fact that at most one N i vanishes. Hence without loss of generality we may assume P = (α : 0 : 1) with α 0, X 1 | N 1 and It remains to consider the case where all the N i are nonzero. Let P ∈ S be a point where the fiber over t = t 0 singular. Let f be an affine equation for S . We prove below that if we localize K[x, y, z, t]/( f x , f y , f z , t − t 0 ) at P then this ring is isomorphic to k [x] . Hence the scheme defined by the Jacobian ideal of fiber at t = t 0 has length one at the point P. Equivalently, the Milnor number of the singularity of the fiber at t = t 0 at the point P equals one. In particular, the singularity of the fiber at P is an ordinary double point.
Consider now the rational map τ : P 2 \V(X 0 X 1 X 2 ) → P 3 given by (X 0 : X 1 : X 2 ) → (N 1 : N 2 : N 3 : N 4 ). The map τ is unramified at all points Q ∈ P 2 such that τ(Q) V(X 0 X 1 X 2 X 3 ). Since we assumed that all the N i are nonzero it follows that also all the X i are nonzero. Hence the length of V(
is the scheme-theoretic intersection of ker B t 0 and V( z k i i − 1) and that this intersection is locally given by V(k 4 
, whence the length of the scheme equals one, and therefore the local Milnor number equals one, and the singularity is an ordinary double point. Proof. Without loss of generality we may assume the fibration is a Delsarte minimal fibration. In particular we have an affine equation for this fibration of the form described in the previous Proposition.
In the first case the fibration is isotrivial and therefore the j-invariant is constant, hence we may exclude this case. If we are in the third case then each singular fiber at t = t 0 is semistable and, in particular, is of type I ν .
It remains to consider the second case. In this case we have an affine equation of the form y a = f (x, t). Suppose first that a > 2 holds. Then the generic fiber has an automorphism of order a with fixed points. This implies that the j-invariant of the generic fiber is either 0 or 1728. In particular, the j-invariant is constant and that the fibration is isotrivial. Hence we may assume a = 2. In this case we have an affine equation y 2 = f (x, t). Without loss of generality we may assume x 2 ∤ f . Since the generic fiber has genus 1 it follows that deg x ( f ) ∈ {3, 4}. Since S is a Delsarte surface it follows that f contains three monomials.
Suppose first that deg x ( f ) = 3 and that at t = t 0 there is a singular fiber of type different from I v . Then f (x, t 0 ) has a triple root, i.e., f (x, t 0 ) = (x − t 0 ) 3 . This implies that f (x, t 0 ) consists of either one or four monomials in x. This contradicts the fact that f (x, t) consists of three monomials and t 0 0.
If deg x ( f ) = 4 then we may assume (after permuting coordinates, if necessary) that
If the fiber type at t = t 0 is different from I v then f (x, t 0 ) consists of three monomials and y 2 = f (x, t 0 ) has at singularity different from a node. In particular, f (x, t 0 ) has a zero or order at least 3 and therefore f (x, t 0 )
3 . In the first case f (x, t 0 ) contains five monomials, contradicting the fact that is has three monomials. In the second case note that the constant coefficient of f (x, t 0 ) is nonzero and hence ab 0. Now either the coefficient of x or of x 3 is zero. From this it follows that either b = −3a or a = −3b holds. Substituting this in f (x, t 0 ) and the the fact that f (x, t 0 ) has at most three monomials yields b = 0, contradicting ab 0. Let π : E → P 1 be an elliptic surface (with section). Define γ(π) to be
where f t is the conductor of π −1 (t), e t the Euler number of π −1 (t) and n p is zero unless the fiber at p is of type I n or I * n and in this cases n p = n. In [1] and [2] Fastenberg studies rational elliptic surfaces with γ < 1. She determines the maximal Mordell-Weil rank of such elliptic surfaces under cyclic base changes of the form t → t n . We will now show that each Delsarte fibration of genus 1 with nonconstant j-invariant becomes after a Delsarte base change the base change of a rational elliptic surface with γ < 1. In particular, the maximal Mordell-Weil ranks for Delsarte fibrations of genus 1 under cyclic base change (as presented in [3, 3.4] and [4] ) can also be obtained from [2] . Proof. From Theorem 2.16 it follows that π is the base change of an elliptic fibration π ′ : S ′ → P 1 with at most one singular fiber away from 0 and ∞ and this fiber is of type I v . Since the j-invariant is nonconstant it follows that π ′ has at least three singular fibers, hence there is precisely one singular fiber away from 0 and ∞. Since this fiber is of type I ν it follows that f t = 1 for this fiber. Hence
Remark 2.19. The converse statement to this results holds also true: let π : S → P 1 be a rational elliptic surface with γ < 1, only one singular fiber away from 0 and ∞ and this fiber is of type I ν . Then there exists a base change of the form t → t n such that the pullback of π : S → P 1 along this base change is birational to the standard fibration on a Delsarte surface. One can obtain this result by comparing the classification of elliptic Delsarte surfaces from [3, Chapter 3] with the tables in [1] and [2] . Example 2.20. According to [2] there is an elliptic surface with a IV-fiber at t = 0, an I 1 -fiber at t = ∞ and one further singular fiber that is of type I * 1 , such that the maximal rank under base changes of the form t → t n is 9. Such a fibration has a nonconstant j-invariant. Corollary 2.17 now implies that this fibration is not a Delsarte fibration.
If we twist the I * 1 fiber and one of the fibers at t = 0 or t = ∞ then we get the following fiber configurations IV; I * 1 ; I 1 or II * ; I 1 ; I 1 . Then maximal rank under base changes of the form t → t n equals 9 in both cases. Now y 2 = x 3 + x 2 + t has singular fibers of type I 1 at t = 0 and t = −4/27 and of type II * at t = ∞ and y 2 = x 3 + tx + t 2 has a IV-fiber at t = 0, a I 1 fiber at t = −4/27 and a I * 1 fiber at t = ∞. Hence both fibration occur as Delsarte fibrations.
Example 2.21. Consider the elliptic Delsarte surface that corresponds to
We can easily compute the discriminant and j-invariant of this fibration:
Remark 2.22. The approaches to determine the maximal Mordell-Weil ranks under cyclic base change in [2] and in [3] are quite different. The former relies on studying the local system coming from the elliptic fibration, whereas the latter purely relies on Shioda's algorithm to determine Lefschetz numbers of Delsarte surfaces. This explains why Fastenberg can deal with several base changes where the "minimal" fibration has four singular fibers (which cannot be covered by Shioda's algorithm because of Proposition 2.14) but cannot deal with fibration with constant j-invariant. Instead Shioda's algorithm can handle some of them.
Isotrivial fibrations
Using Proposition 2.15 one easily describes all possible isotrivial minimal Delsarte fibrations. 
Remark 3.2.
In the case of y a + x 2 + x+t we may complete the square. This yields a surface that is isomorphic to y a + x 2 + 1 + t, in particular the fibration is birationally equivalent to a fibration of the first kind. However, they are not Delsarte birational.
In [3, Section 3.5.1] it is shown that y 3 + x 3 + x 2 + t is birational to y 2 + x 3 + t 3 + 1, however the given birational map is not a Delsarte birational map.
Hence both exceptional case are fibration that are birational to a fibration of the first type.
From the previous discussion it follows that almost all minimal isotrivial Delsarte fibrations are of the form m 1 + m 2 + (1 + t)m 3 .
We will calculate the Picard numbers for one class of such fibration and consider the behavior of the Picard number under Delsarte base change, i.e., base changes of the form t → t a . P(2a, ap, 1, 1) . The surface S has one singular point, namely at (1 : 1 : 0 : 0). A single blow-up of this suffices to obtain a smooth surfaceS . The Lefschetz number ofS can be computed by using Shioda's algorithm, which we do below. The exceptional divisor ofS → S is a smooth rational curve. In particular, using the MayerVietoris sequence one easily obtains that h 2 (S ) = h 2 (S ) + 1 and ρ(S ) = ρ(S ) + 1. Since S is quasi-smooth one has a pure weight 2 Hodge structure on H 2 (S ). To determine the Hodge numbers of this Hodge structure we use a method of Griffiths and Steenbrink. Note first that dim H 2 (S ) prim = h 2 (S ) − 1 = h 2 (S ) − 2. Let R be the Jacobian ring of S , i.e.,
Since λ(S ) = λ(T ) and h 2 (S ) = 2 + #L 0 it follows that ρ(S ) equals 2 + # (α 1 , α 2 , α 3 , α 4 ) ∈ L 0 | {tα 1 } + {tα 2 } + {tα 3 } + {tα 4 } = 2 for t ∈ Z such that ord + (tα k ) = ord + (α k ), k = 1, 2, 3, 4 .
We now determine this set. Consider now a vector v from L 0 , i.e., a vector One can easily find several divisors onS . We remarked in the introduction that the pull back of the hyperplane class and the exception divisor yield two independent classes in NS (S ). We give now 2(p − 1) further independent classes: Let ζ be p-th root of unity. Let Moreover, we have that
From this it follows that t 2
holds, which finishes this case. Suppose now that the only primes dividing a are 2 or 3. If p = 11, 13, 17 and a = 3 then one can find easily by hand a t-value such that
holds. For all other combinations (a, j, p) with a > 1 we give a value for t in Table 3 such that the above formula holds. The only case left to consider is the case a = 1. If p ≤ 30 then one can easily find an appropriate t-value by hand. Hence we may assume that p > 30. If we take t = 1 then we see that v ∈ Λ whenever j 2ap = j 2p ∈ 0, 1 2 − 1 p .
We will consider what happens if
2p . Suppose t < p is an odd integer, and k is an integer such that k ≤ 
